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Appendix B
Scattering by a Central potential

B-1 Scatterins Amplitude and Cross Secnon

Tltc scatt€riDs of one particle ofi aroih€r at ncti-"-a"p*a"it saoaaing".;t*#-- " "oDreraiivistic €nersies is described bv a

.nftv1,.t1: aug,t1 (B-r)

ii".:ffi,Tri:1,:,:"ilfry colditioN rn rrr€ c€nier of mass of tre rrvo parrjcles, tle

n= fiv'+v (B-2)

rlhere p is the reduced nass and y is ihe poteDrial leprcscrrins ihe iriemciion beilvae!
ll-"^:ll Tl]':'* rf ,y is in.lependeni ;f time ,j rle rrme dependence jn rhe inaleruuc on may be sepanred from rtre rcsi.

tt(r,t) = t\f)e-n/h
He.e i/(r) is ihc eisenfutrcrjon of the tjme jndependent Scirddirser equarior

fiv",1y,1 
+ r.v ry61 = o

t t| J _llJ xIJ

tlJl JM) (A-20) [[:::1f i[:ft :*:l ::Ti:: i"(;lft J?iT:fi X'"t'i,;3;;*'u'""" ""'"'.0

lT:[:*,:5J]:; ;i#iilHff;J:15'' ^"rves acoi'Iinaied beam orprojec

*," *rsi,, n-"pt r"i co;il*;r;;,;;;;;','J;"il1fii1:ill ff": Jfi ff li*::i::

*:':i,*r;#ilf,t":,r":,#.it,J; :.,",1"" i:i:iiilff ,'*J:*",:i::t"__"if 
iTi

Il" ;; :"H li ;,,;t ,#:,fJ;,*,:i : ,T ;:'; ; ;:" : "tlT;,':l; ;.:
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iLrtierir'g l,y .r C. Ial Potentiol

(B 50)

nnclear B-d€cay in the linit that
,e consid€r€d io be concenrrated

lsrtrrlrioiic |ehaviof ol ille wave
3 dislances away lrorn ihe origin

)l-')

;4+,41

'ernli, ve obtaiD the Ruthellbrd

't'
'2) )

hc kinetice!er$ is represenred by
. nonrelativisiic scaiiering, rather
nction froD ihe iotal lelaiivistic

re $llijor ro Eq. (B'ag) in a rvey

t0JY,.(,)

tislies thc radial equatiorl

L:t) = 0

, be expressed as a Nn ol -F?(a, p)

e functjons (sft, c s., Abranowitz

:,lt, p)
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Horvever, lor scaiterirs problerns, jr js more conveniolt io Ge

LiQ) = eni Fr(^t, p)

6i_drsf(l+1+,?)
is Ure Coulonb phase shifr for lartiat wavc L

Asymptoiically, rlie CorloDb \tave lurction tras rle prope jes

(B-51)

Fr(1,p) 
"** sitr {, Gi(?,2) _-- cos{,

&=p 1ri2p-il?+6i
Applyilg lhis rcsulr ro thc right hand side of Eq. (B_51) , we can wrire ihe asynpiot ic
fonn ol ihe lrodited radial ivave fLrnciior in a l]lanner sinitar io ihc finat for. of
Eq. (B-10),

'i"l -- :2Lt "t\ 't """ "'" j

nom $is, wc obtaiD the Coulornb scarierins amplirude in renns of the !t6e shifrs

' a.. ,,,L,/*,^, r,,F . r.\.u\r/

snDihL io that siver jn Eq. (B t6).

8-6 Formal Solution to the Scatrerina Equatioa

There are two reNons to have a slori discrssion here on itre torrnal sotui,ioD to ihe
scatlienng equatjor. The li$r is to define sone ol ttre rermiDotoFy comnonly nsed in
s.attering ald relai,ed probleins. Th€ secold is rc nane a conDedron wiih meihods
nsed jn staDdard ref€rences on nuctear scarierirts.

\, l'r..{,itp h"-.r., rrdr..rt.r,r H"olo rana:

I.I : Ha+V

Nornally flo consisirs of itre kineric erergy operator onty,

(B 5:)

xo = - 2ttv'z 1B 53)

as in Eq. {B 2). However, $€ lriay also choose ro irctude i! ,y0 a pari of ihc ilteraciion,
sudr N urat.dxe to_Coulomb lorcc or ihe opiical nodel poreniial, s we did iD g8-a.
1!€. potentia.l i/ in Eq. (B 52), Nlen, rcprescDis ite rcsjduat intetu.tian, ttre rernairder
oJ v ihat is not aLready inctuded ir ,"0. For our.prrpose herc, we stalt turrher assume
mai any long rauge pari of tle potetrtial is ir.lLrded jD ,q0.
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The cigelfunciion of ihc scatierirrg equatioD is the solltion of ihe equation

(.rr. - r)tf(,) : v.rf{.) (B 54)

insjdp the jotctjrat wrrhuxi ctrar]Ert{ th,
in Gfr, r') \ve ot,rdjn ff,ns Eq (d 17

(Ea E)1i,tA) = _ f 6tr.

tirc sante €quatjry siver jn Eq. (B-51).

Scatterj"g amplitude. Ir is F6v tu ce
rrom q (B s6) using rhe cxDtrcrt for
Let i = r/lrl be a urrir vecror a]one.tir

t,-,
since the jnregrat ov.r ., js cfectile odr
t,otprtjdl y(r/)$ uor\dnrshr rj As a r€
or uq (ll-58) d

c*t.,.,) ,_- _ i
wherc ve have iatieD &, to be aiors tiie ,

ai+11=4.1"1-4I
i2

Comparins ilis resltt wjin Dq. (ts 5), tl

ra) = -;F I ,Ji,t. )vo
Thcls,rlt here i, an qa, t one i,jr t1e d
tl'r nrct Bunr aptro)!rtrdiiojr Sjvctr,r N(
cquaiiutr Eq. fB-51). apt eJrs itr l(r) io rl

no^
n:)I(o)l'=

Tlle uEefulD€$ of ihis cxprcssion is tilxir
conprerc solution to itre scarierjrs Drobl

. The rcslli eilrcn L,r Eq. (B-sgi is al
ttre s.atteLing equatron. xs ir'l rtsctf 11,!(
nes rdajlry 

'n 
anahrlcaL lvorks. su.[ aq a

ru!(I]ou and dtterj!tj aloptjlnde. To sjn
rD tbe foliolvrDg wav.

1/r=d,
wb^oc,.xr\tead or c+(r,r,), sF h.!c usc
oenned/l it,! retatiol

G+ t,r,/)

wherc lhe supcncipi + or d,i(4 iDdjcates thai ih€ solttior satjsfies oztgoinsboundary
condiiioDs and ihe supeNcript - refels io inconing boutrdary coDditiols. Our co c€rtr

\i,ill bc nainLy rilh the forner. The subscrift k, with masDiiude f : /ttt/n, displays

the explicii deperdeDcc of the soluliorr on energy.

The soluiion of thc honoger€ous equatioD

(4.-r)drt):o
fons a coDrtnele sei satisfying the olrl,ogoralil,y condiiion

1..
/ i/'\.tL,t 1r-6(k-k

ard lLaving ihe closure proleriv

/ ci f \. 
" 

f dk=i r-r\

For rhe sjnpic case ol Eq. (B-53) lor ,qo, we harc plare waves, a,i(f) - cxp(.k 4, 
'11

the soLliioD for Eq. (B-55). On tlie oiher haDd if, for exanple, the ConloDb potcniia.l is

ircLudcd as a lart ol 1J0, rvc ha\e the Cr,nlomb {ave lunciioN as the solutio! irliiead

G reen's flrDctiod. Usirg Lhe netliod of GreeD's lnnciion. ilte soluiioD of ihe scatterirg
quaiioD mdy le expressed ii tcrms of ar irriegral equal.ioD

t,t|,: d^O +# J c- O, r )v (!'){t G ) n,

(B-55)

'Ihc irst tcrm is ihe solriion io thc hoDo8eneous eqraiion of Eq. (B s5). Thc Grcertt
lurciion G+(r, '') in ihe second iem saiislies thc cquaiion

(H,, E)c+?,/) = -X6? - /)
wiih outgoing irourdafy condjtjons. Ir tlie sin!10 case that ,ryo irvolver o y ihe kjD€tic

orersl, ns siven ir Eq. (B-53),

4lllr-rl

\Vc shall trse ilis sinde forD olthc Green's tunction exclusively for thc cxanples belov
Ii is edy io chec.li ihai i;(r) sive! in Eq. (B56) is a solutio io (B-54). On

applyiDs ,Y0 ]' io lolh sidcs of Eq. (B 56), lve obtair ihe resnli

'2" !^-f lc .r.y',1 .r'irr'tJr

Thc first tcD on the rishi'hard side lanishes because ol Dq. (B-5s). For thc secotrd

t€m, since JJo-E opcratcs only or mriable r.rrd roi orr r', $e may briDg Lhe opeEior

(B 5o)

(8,57)

(B-58)
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L is tlic soLuiioD of tle eqtraiioD

,vt;'(.) (B'54)

;he soltrtion satisfics otlroi,g boundarv
,",9 boundary condiiions. Our con.em
srh nasliiudc A : v4t /r', disPliys

iv

. r(k - ft')

(B 55)

(B 56)

The Grecr's

(B-57)

= a(r - r')

rve pldre wNes, .pr(r) - exp(tk r), as

f. fof exam!]e, l.he Couloub loteriialis
\aa!e functiols 6 tle solution itsread.

\ fur.iiotr, tLe soluiion ofihe scaiteling

r, 'J)l't')vit')d''
rus equrlion of Eq. (B-55).

-u.\r-r)
pl. c6e tllai,tlo ilvoLles only the kineiic

I r,rF/l (B 58)

rctior ei(.lusiveh 1br thc exanples below
Eq. (B-s6) is a sohtio io (B 54) or'
ve obtain ihe rcsuli

Ha E) I G+(!I')vc\ttro)dr

,s becaLNe of Eq. (B 55). FoL the secord

aDd nol oD r', we nay brnig ihc oPefator
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ilrside ihe inieglal withoui chatrsils ihe lirai rcsuli. Furihornore, snicc r appcars onty
jn G(", r'), we obrain, nsiris Eq. (B-52), ihe resutr

Hr.L.,;tr=-1",, " 1,r,,*.,.: r'\r drlr

ihe sme equaliiy siven iu Eq. (B ;1).

Scatteling mplitude. It iscsy tos€e how ihescatteing dnulitlde may be obtaine.t
tuo Eq. (8-56) lsins iLe exrlicit form ofrhe crcen,s fuocrjoD s-ilen in Eq. (B,bs).
Lct i = r/lrl be a njrii vector alorg dirccrior r. h thc asyrnproiic resion,

r-r'*r-i r'

sincc the jniegral over r'is efeciive oDly in the regioD of smdlt r,wh€re ihe shorr,raDge
poiential l/(r/) is ronvarkhnLg. As a rcsr t, wc may aplro'imate ihe Ufeen,s funciiorl
ol Eq. (B-58) 6

C'1r'r'1 .,- 1 ''-o, 
",

whcre we have taken ,i' to be alotrs the direction ot i. lquaiior (B 56) is roiv reduce.l

,i(", o"r -,, )"h, lai r.v.,,itr,,t;
Comparirg tlis rcsult wii[ Eq. (B 5), ihe s.aiie ng amptitl&le is ideniifie.i as

(B-5e)

(8,60)t@:- + J o;,@)v(r),itt\{ d., : ffitaov t,tl
Tlie fesult here is an exact one (i,r the asynipioiic reAion) ed js difiercnr froaj ihat of
ihe first BorD approxjmaiion silen h Eq. (8 22), as {i, rh€ solurion or ihc scaiieins
equation Eq. (B s4) , app€ars in I (d) in ibe ptace of dr,. ltle differenLial scatieins cro$

The usefntrcss of this expression is limiied, as it rcqujres a knowledge of d,f(,,), ihe
compleie soluiion to ile scaitedrg lroblem.

Tlie lesult siveD by Eq. (B 59) is an iliesral oquarjon, or ,,fonnal,,, sohtion of
the scatterjns equatioD, as lf iis€lf a?pca$ on ihe rishr hand si.le as well. Iis vatue
lies rnainly in aralytical worlc, such as a BoD serjes expansioD of ihe lcarterjlg ivare
ftnctjon atrd scaiie.irg amplitude. lb sinplit' tlie Doiation, rvc shatL write Eq. (B-56)
i! ihe lollowing vaX:

t; =.bh + G+v{[ (B_6r)

wherc, insiead of G+(f, f,), we hare lsed G+, an opcmror for ihe creen,s funcrion
defired by ihe relaiion

G+?,r) : \r)G+V')
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ID tcnns ol flo and ,, ihe GreeDt lunciion operator G+ Day te exprcssed as

I

Nhcrc the laclo! +k, wiili . as soDe small posiiive quaniiiy, is requircd io eDsure

ihal, lhe olerator corrcspond5 to lih€ ouigoing bouDdary condjtion. Th€ dcrivaiioo
of Dq. (B 02) may l,€ fonnd in qumtuD mechmics tcxts srch as Xlevbacher 11031,

l,Icssiah ll04l, ard Schitr [125].

LippDann-Schviager eqtration. It is casy to scc tlat Eq. (B 62) is coreci by
snbsiirlrils il jnio Dq (B 61). The resuli

-1.=- r--:-.' ;

is ore way io wriie the LiplnaDn SchiviDger equ.itioD. The equaiioD may be reduced
io a moF familiar form br oler&iirg lrom ihe leli wiih t - 1{0-f i. dd takiDs th€
linit . + 0,

t.E Hlli)[ = (E - Ih)dr+v1l)[
TIje fi$t ier! oD the risht hand sidc vanishes bccaNe of Eq. (B-55) and ihe resi of
ihe equatior is iderliical to Eq. (B 5a).

1l we replace 1y'i otr ihe rishi hard sidc of Eq. (B 61) by its vahe in ilie sam€

equaijon and rcpcat the process, we obiai! ar i!ftIite series €xpansiotr oI {; in tcrlN

,rl = o/. + G+Y(dr + G+Y,r,f )

= ah + G+Vdk + G+VG+V(dr + c+r/tf)
,, ,3,^-,,^,._ \lT l-\u l r /al

Tlis gilcs us l! Bom series exparsjor ol the scalleling amflitlr.le il wc subsiiiutc the

expansion for lil into Eq. (B 60).

,- atrix. \ve halc scctr earlier ihai the scaiie !s atrr rinde (-il/2nn')(d,,'lv d;)
sileD br Eq. (B 00) is uoi usetul direciLy for calcL ating cmss sectioDs bccause of its
delendence or qi. !'or nanr' lurposcs it is more coDveDient to delire a transiiion
mai.ix, o! fma|rix, saiisfying tle rclaiion

(d,r, rld,,) = (!,*, Y 1];) (B-641

(B 62)

gI}-6 Formal Solurion ro rhe Sca6e.

, UsiDs ltre s.us expansror oI pi

(d*, rld,,) = (
Since ilte eqnality hotd! for arbitrar
opcratoN involved,

t:v
This can be pui in a lnore cortrpacr i(
we can ral€ oDe product of c+ with l

f=Y+I,,G+y+!.c+yi(

Thc quarijr.y illide ihe cnrly tracltel
and Fe obrain rhe r€sutl

t:
a form rhar is converiert as rhe starii

srnatrix. Thc s-mairix mal, be exlr

(dplslo,) = 'r.
The deiiDiiion of rhe s_nlai,dx is usu
opetitof Ufr,?!) in ttre rnt€rdfiion i€
sdxurJr 11211 arrd Sclif Jl2sl).

ror nost ele,nenrary apptjcatiors
srntr A lxllAsLl rn thF S.lirdJrutsel
rn.rep,I.Lorr, aI rtre trnrr,tpterLdp!Lp
IrLt. t1l-r). $c obrdrn rhe rcsLlr

.. i) _

ivherc ilie subsc pr s enplusiz€s ihai.
sfliairoD. To siDptjty rhe notarjo!, inc
Alternaiiretx oDe car wo.l in ihc H.j
ivarc rulciron js ijme ildctend€nr an.1

rL the xntera.tian ry)resentdlion, tl
olemtor ard larrly i! rhe ivave fur.ii.

H.
\\hw l,rD.irors qli) dnd nrrriiuLs Otl
thF s, hradinq{ rcprLsFltaljon r}r!ugL

o(., =

(B,63)

ID iems of thc t n.!trix, ilLe scatielnrg arrlLiilrde is a f nction of mairix €lemerts
involvins only,ir, ihe sohrtion ol lhe homog€neous eqraiio give! ir Eq. (B-55). AsajD,
tlis is useful ailly lor loDal work, as ihe rDatrix iisell carrnoi be writieD dorvn u ess

ire soh'e tle scati erirg probleln firsi . For th€ sjnlLe case ol J/o consistiDg of the kirdic
energl oleralof only, the .lenienis of the t matrix involve only llane wale staies.
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n G+ may bc exlressed $

(B-62)

lve qumtiiy, is required to enstrre

,undary condition. The dedvaiion
cs iexts such as I'Ierzbacher [103],

see thdi Dq. (8-62) is correct bY

;r'!'i
tion The eq aiio! Inay be reduced

li {iih E - ,Yo + t€ ard t^knlg the

dr + Y{f
ralse of Eq. (B-55) aDd ihe resi ol

iq. (8-61) ly iis valuo ir ihe sane

.nite series cxpatrsior of |ti in temts

,t)
+r(dtr + d+Y'l'[)

(B-63)

lerirg aDllitude if rve subsiltitte the

:irs anLpljilde (- | l2nh')\tt \vl!t)
culnijrg cross seciions because ol iis
ore converient io delile a iransrtroD

1/ l{,i) (8-64)

udc is a lunction ol matrix clements

.s €qraijon given in Dq (B-55) Asdin,

rix itseLf cantroi be wriiter doivl unless

pic case of IIo consistinB oftLe kineiic
ix ilLloLvc only Irlare wave siates
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Usils ih. sedes exparNioD of !,f sn{n in Eq. (B 63), we cnD wfiie the elernenis ol
tho t-maftix as

(dr, 1ldtr) - (,rcly(1 + I(cry)")li,r)
Since the equaliiy hokls for arbitrary O* -a A+=", ,"" obiajr a retaiior behveer ihc

r: y(r + t(c+y)')
This.an be put in a nore compact form. ,=t"".o" ,r,nunouo, * ,uken trp ro jriiniiy,
(r can iake on€ product o{ 6+ with y oui ofiho summarion ard rewdre tlie equiion

r - v +vc+v + vc+v l1c*l'1" : i, + rrct{v + rz fl16+uy'1.-,r
The quartity insjde the ctrrly braclters is nottrirg bDt rt€ trarsiiio! operaior I iisell.
md we obtaitr the rssult

t=V +VG+t
a form that is corveniert as ihe starting foint of niany oiher derivations.

s-matrix. Tlie s mairix may le expnssed in ierns of rhe fmaidx using ihc rclation

l,b, sli,) = 6," 2ri6(EP - E') ltlp t ,jqJ

The deliliiion of the s maldx is Llsually intmdrced thronsh ihe time devetot enr
opeEior U(l,to) in tlie irieretjon represeltarion ol quantum nechanics (see, e.s.,
sakurai 11211 and schif 11251).

For most elemeriary applicaiious, ihe time depeldencc of a quanrurn-meclarical
siate is .xprcssed ir the Schr6dinger relreseDtairion. Hem, ihe oper.tors afe ti e
indelerdent; all tle iitlre depeldeDcc resides with tlie wa'e funcrions V.(t). Usirs
Eq. (B-1), $e obtain the lesulli

tieg,I,"t) : rr,I,"(i) (B 65)

where the subsoipi s emphasizes that tlie wave function is iD i,he Schrddinger lepre-
seniaiion. To simplify ihc notatiotr. se liave suppressed all afgumerrs oiher ttrar iimc.
AlteDaiively, ore can work i! the Heise lerg rcpreseniaiio vhcrc, in c.rirast, t,he
Nave lunction js iime jrdependent ard all lime dependence is buili inio rhc operatoN.

I\ the interdclian rcpiEscnlalton, the time deperdence of 
^ 

syst€n is pa ty in ihc
ope.aior ard lartly i! ili€ wrv€ flnction. The Ilarniltonian is divided jlio iwo parrs

E=]I.J+IT1

Wave fuDctions {,(r) atrd oreraiors d(i) h this rcplesentaiion are rclare{l io [rose jn
the Schrildilger represeni.atio! ilrougtr tlic iraDsfonlaiions

E(r) - et'"r/iv"(i)

61.t1 = .'n,'r"6"" tt4aa

(8,66)

(B-67)
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As a rcsnli, ilie time dclclopment of a statc ir ihe inieraction reDreseDtation is giv€n

bt' ihe €qlatioD 
n

,r,;{,(t) = fI,(r)E(t)

as caD be secn by subsiilinting the inverse ol Eq. (9-66) iDto (8-65). For nmy plr
poses, such an alproacl catr be sinPlo thar rvorkil€ h the Schrddingcr repres€Dtatiotr,

espccially il ,'1, is oDly a small part of ihe completc Haniltonian.
We caD lorv define th€ time developmetrt operaior U(to,t) ihat takes a state {ron

time i0 io iirne i iD the intelaci.ioD relreseniaiior

{rt) = u(i, ro)E(ro)

O! srbsiiirting ilis definiiion ir lo Eqs. (B 66) and (8-67), we obtain an cquation for
Lr(r,,r), 

A
ih;ult,ta) : H,(t)ult, tD)

TLc solution ot thjs €quatio! nay be gilen 6 e integfal eqnaiion,

u(r,r0) = I -iJi / Ht(t)U(t,to) rtt

The i-rrairix olcrator is defined by the follo jng relation:

S- lim U(r,t')

It is €a.sy to scc ihai i,he Biairix elcnierris of opemtor S beiween sPecific jniiial ard
liDal sraLes ar. lroportioral to ilic scaitering amllitudc, as both quanijties are relat€d

to lhe probabilitl o{ inding a systenl ir ilie fiDdl siate ai i - +c. if it startcd out from

an iritial staic at i: c!.
h lenns of phase shifis. tlie elemeni of thc s mairix for partial ware I is given by

{flslr)'r",
ll' .ra,".o'r ,"1 ;!fo h"/-maL'\"l m.L. -

(lltll) - e'drsin d?

Thc advartage of using iho s-matrix for scattering lroblens is its uDiiariiy aDd oiher
synnneiry proteriies ihai dre corvelient in mof€ advarced tr€atmeris.
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