1.)

Ph 203. Solution HW #2

Nuclear potential
(a) Square well potential
n-p triplet scattering:

where § is given by kro(% — 1>, with k& = v/2mV,.
n-p triplet bound state (deuteron):

K' cot(K'rg) = —K,

where K" = \/2u(Vy — Eg) and k' = /2uFEp .

Need to solve numerically

{at = () 1)

K'cot(K'rg) = =K,

for Vo, ro, given a; = 5.4 fm, Ep = 2.22 MeV and p ~ m,/2 = 469
MeV, which yields

ro ~ 2.1 fm
Vo =~ 34.2 MeV.
(b) Effective range .

1 2
k cot(dg) = - + 7“2
¢

Need to find dy(k). Using the above equations and expanding,

+ ..

So(k) = —krg + tan™*(—k(a; — 10))

1
= —kro — k(ay — ro) — gk?’(at — r0)3

1
— —kat — ng(at — T0)3 +



Then we have

1 34 (q, —
k cot(do(k)) = - L% (;;3 )
t

3
E* + O(K?).

Therefore the effective range is given by (using numerical values from
(a))

_2a} + (ay —1o)?

fe=3 a?

In Bertulani chapter 2.10, r. is given for arbitrary potential using the
binding energy — r. ~ 1.76 fm.The radial square well potential, for
which we computed r. above, doesn’t match the observed r. very well
— more complicated motential needed.

~ 4.4 fm.

2.) Molecular deuterium ground state
a) molecular hydrogen: need overall wavefunction antisymmetric un-
der p <» p. Let S be the total spin of pp and L the orbital angular
momentum:
(i) S = 0 (spin singlet, antisymmetric) — L = even,
(ii) S =1 (spin triplet, symmetric) — L = odd.

Assuming lower rotational modes have lower energy = ground state
L =0 is a spin singlet (parahydrogen).

b) molecular deuterium: need wavefunction symmetric under d < d
since deuteron has spin 1. Then we have

(i) S =0 (spin singlet, symmetric) — L = even,
(ii) S =1 (spin triplet, antisymmetric) — L = odd,

(iii) S = 2 (5 states, symmetric) — L = even.

= ground state L = 0 is a symmetric spin state (ortho).
c¢) L is even for ortho, L odd for para

3.) Deuteron wavefunction
First, construct deuteron wavefunction for j = 1, m; = 1 state

P(7) = ad1s(T) + bp14(7),



with the wavefunctions
$15(7) = Ris(r)Y3(0,9) [1,1)

3 3 1

61a(7) = Baalr) (1| 2Y20.6) |1 =1)=\/ 35 ¥3(0. 0) [1.0)+ | 15150, 6) 1,1} ).

Radius: 79 = /(r?) = 1.96 fm
(r*) = (@] r* )
= \a!Z/ dr r*|Ryg|* + ]b|2/ dr r*|Rig|?
0 0
3 7 3 2
_ 2 Y b 2 ' = b 2~
|a|2a+|’2a 20z+||a’

using |a]? = 1 — |b]2. We assume |b| < 1 = to linear order in b, we

have 5
N~ D
<T > - 204'
Quadrupole moment: Q = e,/ B1r2Y0(0, ¢), qo = <Q> = 0.286 efm

(@) =1al* [ #r 61,00+ 102 [ @ 61,000
+2Refab” [ &' 67,001,

— first term vanishes. This is due to the Y _Im orthogonality (i.e <Y _00]Y_20>=0)
— second term can be neglected to linear order in |
— third term: only non-vanishing term is spin |1, 1) term

A 16m | 1 i} e 16
/d3r P1aQdrs = 6\/?\/E/dr r4RlsR1d/dQ YYRYY = 5\/;

A 6 2er: |6
- (0) =%y fBnon =257 o

3¢ /5
SforbeRbr — )2~ 0.1,
2erg V 6

so deuteron has approximately 1% d-wave and 99% s-wave.
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4.) Scattering rate for spin flip
Scattering amplitude f(0) o (f| H |i), where |i) and |f) denote the
initial and final state, respectively. For low energy scattering k& — 0
(s-wave scattering only):

f(9> ~ —a,
where a is the scattering length.
Total scattering rate: average over initial states, sum over final states

1 AL
o x 3 A1 P

o 3 (HH B P | Gt B ) P [ B ) P )
¢ 3 (HEH AP 4 [ B =) P (] B =) P
I+ B =) P (= H =) P+ (== A =) ),

where in the last line we wrote down only the non-zero matrix elements.

Recall that

|—+) = —=(]1,0) —10,0) ).

SIS

Hence we obtain



Plugging back to the expression for the total cross-section

1 1 1
Otor OX —(af +2x ~(a; + ay)* +2 x Z<at —a,)® + a?)

4 4
3 1
X Zaf + Zag.

Repeating the above steps for the cross-section for a spin flip

1 . N
opip o< 3 (1= H =) P+ | (—+| H |+-) [?)

4
1 1

o 1<2 X Z(at — as)2>
1

x g(at — a,)”.

Therefore the probability of spin flip is

, 2
Oy _ (@) ooy
Otot 2(3at + (Zg)

5.) Bertulani 2.4 and 2.12
a) potential well with hard core

00 forr <ec
V(r)=< =V forc<r<R+c
0 forr>R+c

Radial part of bound state wavefunction (following Bertulani):

0 forr < c
u(r) = Asin[K(r —¢)] fore<r<R+c¢
Be™kr for r > R +c,

where k = \/2uEp and K = \/2u(Vy — Ep).

Boundary matching at r = R + ¢:
continuity: Asin[KR] = Be k(&+e)
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Ist derivative: AK cos[K R] = —Bke *F+)
= K cot [KR] = —k.
b) scattering off a hard sphere potential

Vi) = oo forr < rg
0 forr>rmrg

Radial wavefunction

0 for r < g
u(r) =9, .
Asin (kr + ) for r > r.

Boundary matching at r = ro: Asin (krg + dg) =0
= (50 = —]{37’0.
Hence the cross-section for low energy scattering (k < %)

4T
o= —sin’§ = —6; = 4nrg.

k2 k2



