
Problem 2.28

ψ =

⎧
⎨
⎩

Aeikx + Be−ikx (x < −a)
Ceikx + De−ikx (−a < x < a)
Feikx (x > a)

⎫
⎬
⎭ . Impose boundary conditions:

(1) Continuity at −a : Aeika + Beika = Ce−ika + Deika ⇒ βA + B = βC + D, where β ≡ e−2ika.
(2) Continuity at +a : Ceika + De−ika = Feika ⇒ F = C + βD.
(3) Discontinuity in ψ at −a : ik(Ce−ika − Deika) − ik(Ae−ika − Beika) = − 2mα

ℏ2 (Ae−ika + Beika)
⇒ βC − D = β(γ + 1)A + B(γ − 1), where γ ≡ i2mα/ℏ

2k.
(4) Discontinuity in ψ at +a : ikFeika − ik(Ceika − De−ika) = − 2mα

ℏ2 (Feika)
⇒ C − βD = (1 − γ)F.

To solve for C and D,


add (2) and (4) : 2C = F + (1 − γ)F ⇒ 2C = (2 − γ)F.
subtract (2) and (4) : 2βD = F − (1 − γ)F ⇒ 2D = (γ/β)F.


add (1) and (3) : 2βC = βA + B + β(γ + 1)A + B(γ − 1) ⇒ 2C = (γ + 2)A + (γ/β)B.
subtract (1) and (3) : 2D = βA + B − β(γ + 1)A − B(γ − 1) ⇒ 2D = −γβA + (2 − γ)B.


Equate the two expressions for 2C : (2 − γ)F = (γ + 2)A + (γ/β)B.
Equate the two expressions for 2D : (γ/β)F = −γβA + (2 − γ)B.

Solve these for F and B, in terms of A. Multiply the first by β(2 − γ), the second by γ, and subtract:

β(2 − γ)2F = β(4 − γ2)A + γ(2 − γ)B


;


(γ2/β)F = −βγ2A + γ(2 − γ)B


.

⇒

β(2 − γ)2 − γ2/β


F = β


4 − γ2 + γ


A = 4βA ⇒ F

A
=

4
(2 − γ)2 − γ2/β2

.

Let g ≡ i/γ =
ℏ

2k

2mα
; φ ≡ 4ka, so γ =

i

g
, β2 = e−iφ. Then:

F

A
=

4g2

(2g − i)2 + eiφ
.

Denominator: 4g2 − 4ig − 1 + cos φ + i sin φ = (4g2 − 1 + cos φ) + i(sin φ − 4g).

|Denominator|2 = (4g2 − 1 + cos φ)2 + (sin φ − 4g)2

= 16g4 + 1 + cos2 φ − 8g2 − 2 cos φ + 8g2 cos φ + sin2 φ − 8g sin φ + 16g2

= 16g4 + 8g2 + 2 + (8g2 − 2) cos φ − 8g sin φ.

T =

F

A


2

=
8g4

(8g4 + 4g2 + 1) + (4g2 − 1) cos φ − 4g sin φ
, where g ≡ ℏ

2k

2mα
and φ ≡ 4ka.
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Problem 2.34

(a)

ψ =


Aeikx + Be−ikx (x < 0)
Fe−κx (x > 0)


where k =

√
2mE

ℏ
; κ =


2m(V0 − E)

ℏ
.

(1) Continuity of ψ : A + B = F.

(2) Continuity of ψ : ik(A − B) = −κF.

⇒ A + B = − ik

κ
(A − B) ⇒ A


1 +

ik

κ


= −B


1 − ik

κ


.

R =

B

A


2

=
|(1 + ik/κ)|2
|(1 − ik/κ)|2 =

1 + (k/κ)2

1 + (k/κ)2
= 1.

Although the wave function penetrates into the barrier, it is eventually all reflected.

(b)

ψ =


Aeikx + Be−ikx (x < 0)
Feilx (x > 0)


where k =

√
2mE

ℏ
; l =


2m(E − V0)

ℏ
.

(1) Continuity of ψ : A + B = F.

(2) Continuity of ψ : ik(A − B) = ilF.

⇒ A + B =
k

l
(A − B); A


1 − k

l


= −B


1 +

k

l


.

R =

B

A


2

=
(1 − k/l)2

(1 + k/l)2
=

(k − l)2

(k + l)2
=

(k − l)4

(k2 − l2)2
.

Now k2 − l2 =
2m

ℏ2
(E − E + V0) =


2m

ℏ2


V0; k − l =

√
2m

ℏ
[
√

E −


E − V0], so

R =
(
√

E −√
E − V0)4

V 2
0

.
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(c)

vi
vi vt

vtdt dt

From the diagram, T = Pt/Pi = |F |2vt/|A|2vi, where Pi is the probability of finding the incident particle
in the box corresponding to the time interval dt, and Pt is the probability of finding the transmitted
particle in the associated box to the right of the barrier.

But
vt

vi
=

√
E − V0√

E
(from Eq. 2.98). So T =


E − V0

E


F

A


2

. Alternatively, from Problem 2.19:

Ji =
ℏk

m
|A|2; Jt =

ℏl

m
|F |2; T =

Jt

Ji
=


F

A


2

l

k
=


F

A


2


E − V0

E
.

For E < V0, of course, T = 0.

(d)

For E > V0, F = A + B = A + A


k
l − 1




k
l + 1

 = A
2k/l
k
l + 1

 =
2k

k + l
A.

T =

F

A


2

l

k
=


2k

k + l

2
l

k
=

4kl

(k + l)2
=

4kl(k − l)2

(k2 − l2)2
=

4
√

E
√

E − V0(
√

E −√
E − V0)2

V 2
0

.

T + R =
4kl

(k + l)2
+

(k − l)2

(k + l)2
=

4kl + k2 − 2kl + l2

(k + l)2
=

k2 + 2kl + l2

(k + l)2
=

(k + l)2

(k + l)2
= 1. X

Problem 2.35

(a)

ψ(x) =


Aeikx + Be−ikx (x < 0)
Feilx (x > 0)


where k ≡

√
2mE

ℏ
, l ≡


2m(E + V0)

ℏ
.

Continuity of ψ ⇒ A + B = F
Continuity of ψ ⇒ ik(A − B) = ilF


=⇒

A + B =
k

l
(A − B); A


1 − k

l


= −B


1 +

k

l


;

B

A
= −


1 − k/l

1 + k/l


.
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R =

B

A


2

=


l − k

l + k

2

=

√
E + V0 −

√
E√

E + V0 +
√

E

2

=


1 + V0/E − 1
1 + V0/E + 1

2

=
√

1 + 3 − 1√
1 + 3 + 1

2

=


2 − 1
2 + 1

2

=
1
9
.

(b) The cliff is two-dimensional, and even if we pretend the car drops straight down, the potential as a function
of distance along the (crooked, but now one-dimensional) path is −mgx (with x the vertical coordinate),
as shown.

V(x)

x

-V0

(c) Here V0/E = 12/4 = 3, the same as in part (a), so R = 1/9, and hence T = 8/9 = 0.8889.

SP4 

(a)Let the dop occur at x = 0, and the wa at x = wth k1 = ✓2E/l and k2 = J2(E + V0)/n

. Then
x<O
O<x<L
x>L

(1) 

(b)The contnuity condtions ae that I and its devative must be continuous at x  0 andI at x = L, namey 
AB=C+D 

-ik1 (A B) = ik2 (C - D)
Ceik2L + De-ik2L = 0 (2) 

(3) 
(4)
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Fom (4) w hv h C  De2ik2L. Puggng no () nd (3) w g 
A+ B  D(  ei2)A  B  D k2 (1 + ei2) 

(5) + (6) ➔ 2A  D(  ei2   ( + ei2L)) (5)  (6) ➔ B  D(  ei2 +  ( + ei2L)) B  + 2  ei2L(  2)(8)/(7) - _    A   2  ei2( + 2) 1 (5) 
(6) 
(7) 
(8) 
(9) sul (9) s h o o fcd o ncdn mpud. Snc h wl at L s nny l hr cn b no nsmsson nd so w mus hv R  : you cn chck hs by vlung R = I� 1 2 . (c)Th phs sh s gvn by 4pts


