Phys. 2b 2026, Week 4 Lecture Notes (Lectures 7 & 8) (1/27-29/2026)

Key Concepts
1. Reflection and Transmission in 1D Scattering
2. 1D-Step Barrier Solution

Solving 1D Scattering Problems:

Consider a beam of particles incident from the left on a localized potential bump.
Look for solutions of the form:

A VK

Jrefl <~
Jinc — Jtrans =

Can use particle flux J,(z) from last time as experimental QM observable

Extract: Jincident ) Jreflected7 Jtransmitted

First “guess” solutions to I;hﬁ = Ey for v - —o0, © — 400

Yine = AetF12=9Y - with p;,.. = hky , plane wave to the right

solution for z — —o0 Sy .
Yrefi = Beil=kz—wt) - ith Drefi = —hk; , plane wave to the left

solution for xr — 400 Virans = Ce'k22=<t) - \with pians = hks , plane wave to the right

For a given energy E (or ki) and assuming that H # H(t), we have
for z — —0O0; ]:I¢ - f{(wmc + Q/}Tefl) - E(¢mc + 1/Jrefl) = h::ﬁ =L

for z — ~+00; Ij]w = [:thrans = Ewtrans = +hk% + % =F

2m

If E >V, then ks is real (for E' < V4, see later).

Now can calculate Ji,c, Jrefi; Jirans Via

(BN (00 v
JF(%)(wa—x—aﬂ)

Using the above solutions we have

—1h hk
Tine = —— (2iky)| A2 = "L A2
m m



it ik

Jyep = —— (—2iky)| B2 = BP?

5= 2k B = -

Jtrans = —— (2ikq)|C]* = —|C|*; wvalid only for £ > Vj (see later for £ < V)
m m

Now define the Transmission coeflicient

2
k
T= ‘]f]n" ’% k—?; NOTE: valid only for E > Vj
and the Reflection coefficient
B2
R = Jrefl _ |2
Jinc A

Then since probability is conserved we have T'+ R = 1.

Simple/Solvable Square 1-D “Barriers”:

A Vx)
e Simple Step '
< Can have ' > Vj or E <
Vo
o ——————————————————————————— - - - - - = = = - >
0 X
A Vx)
e Square Barrier (see Thur lecture) \
< Can have ¥ > Vj or E <
Vo
° Vi "
A
e Finite Square Well (see text) :
— E >V, (if E <V} - only bound states) |
= [f
____________ - - B T T
0 X

Above are five “different” problems with a simple Recipe:

a. “Guess” Solution of Schrodinger Equation



b. Match ¢ and ‘g—f (to keep E finite) at boundaries (where V' changes)

c. Do the Math: Solve for amplitudes (A4, B,C,...) and Jinc, Jref, Jirans or T and R. Note
that equations could be transcendental. A v

Example: Simple Step with £ < 1}

Region | Region 11

—_e—_,,e,—————— e e e e e e e e e e e e e et e e e e e s >
0 X

Find Transmission and Reflection Coefficients (following the recipe):

a. Guess solution
r <0:9¢(x) = Ae’™® + Be~*1*  Region |
x> 0:¢(x) = Cet®®  Region 11

. K2k h2k2
with £ =51 =52 +1)

Note: ky = /(32)(E — Vp) but E < V; . ks is imaginary.

Thus let ks = +ik (k is real and positive) — need decaying exponential for x — oo, giving

x> 0:Y(x)=Ce
and also F = —12%2 4 Vo which clearly has F < Vj for k > 0
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b. Match at z = 0:
2/)[(0) = w[[(O) = A+B=C

o 9 ~ ~
and %Lr:(] = %b:o = iktA — kB = —xC

c. Algebra: Solve for A, B, C' (assumed complex)

g—8+1 S
Sy TAUT W) s
giving .
B —(1+%)
A (11—
and
B _(1+%)
R=1|=| = Rl =1
A+ 4



then

C B = 220 9
—=—+1= R ko= k__ — .
A A 1— k1 1— iky 14+ L_ﬁ
K K 1
but since . ” oo
Jinc = omi (wmc ax - Qx 7vbmc>
Jine = i[A*e_ik1I(+ik1Aeik1x) — (—iky A*emF1T) Agikaa]
M 29ma
h hkq
AP (2ik) = |4
h . B B .
JtTans - [C e ’“‘"(—/fCe mg) —(Ce ’W(_HC e m&)]

2mi

IC]* = ICPPle™™* =0

B hrx
- 2mi

What does ¥*¢ look like?

Consider some examples in PHET website for both plane waves and wave packets (Demo in
Lecture).



Key Concepts
1. Quantum Tunneling
2. Subtlties in Understanding Tunneling

A v
II. Quantum Tunneling !
Assume E < % Region | 1 11
Vo
- O_________; ____>
X
A. Guess the form of the solution:
r<0; 1y = Aeh® 4 Bemthiw
0<z<a, i = Cek* 4 De~k2 = Ce=" 4 De; ky = ik; see below
x>a; P = Fe*s®
. k2 h2k2 k2
using Hy = Evy we get: FE = 1 — 21V, = 3
2m 2m 2m
2m ) . .. .
ks = ki, ko = ﬁ(E — Vo) = ir(k is real and positive, sinceE < Vj)
or kK = 2”},}2‘/0 —k? and E = —h;:f + Vo with clearly £ <V,

B. Match wavefunction and derivative at x = 0 and z = a:

v: A+ B=C+D
Ce*/«tLa + DeJrna — Feikla

9 . A(iky) + B(—iky) = C(—k) + D(k)
C(=r)e ™ + D(k)e™ = F(ik;)e™

C. Solving for T, we have 4 equations and 4 unknowns: B/A,C/A, D/A and F/A.
After lots of algebra we get

F e—’ilﬁa

A cosh(ka) +i [H;k k%} sinh(ka)

1K

Which gives
? 1

e 2_p2\ 2 24,2 2
Al Fa cosh?(ka) + ('{21;1121) sinh?(ka) 1+ (%Z"z ) sinh?(ka)

2
k F
T[] %=
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or in terms of £ & Vj:
1

T =

2
1+ ﬁo_ﬁ)smh%/ﬂz)

Then since probability is conserved, R =1 —1T.
We find that T > 0 even if £ < Vj — particle “tunnels through” barrier!

— finite probability of reaching classically inaccessible region

VY

Computer Demo: PHET website using plane waves first and then demo of wave packet

tunneling

Interesting Questions: “What is particle’s velocity in barrier?” or “What is particle’s transit
time through barrier?”

What is particle’s “velocity” in the barrier?

Well ... since F = —125% 4 Vo and E' =T + V) where T' is kinetic energy with T' = %

2m

so apparently

2 2,2 .
T =2 = 5 4nd since
2m 2m

p  V—h?k% _
v=—= BT imaginary!!
m

Controversial question in QM see online articles e.g. GOOGLE “transit time in quantum
barrier”.

Looks like crazy, weird things going on inside barrier.
We actually have a video of “transit through a quantum barrier” ...

— Adventures of Buckaroo Banzai across the 8th Dimension (see lecture Video).



