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Problem 3.5

(a) f |xg =


f∗(xg) dx =


(xf)∗g dx = xf |g, so x† = x.

f |ig =


f∗(ig) dx =


(−if)∗g dx = −if |g, so i† = −i.

f |dg

dx
 =

∫ ∞

−∞
f∗ dg

dx
dx = f∗g

∣∣∣∣
∞

−∞
−

∫ ∞

−∞


df

dx

∗
g dx = −xf |g, so


d

dx

†
= − d

dx
.

(b) a+ =
1√

2ℏmω
(−ip + mωx). But p and x are hermitian, and i† = −i, so (a+)† =

1√
2ℏmω

(ip + mωx), or

(a+)† = (a−).

(c) f |(Q̂R̂)g = Q̂†f |R̂g = R̂†Q̂†f |g = (Q̂R̂)†f |g, so (Q̂R̂)† = R̂†Q̂†. X

Problem 3.6

f |Q̂g =
∫ 2π

0

f∗ d2g

dφ2
dφ = f∗ dg

dφ

∣∣∣∣
2π

0

−
∫ 2π

0

df∗

dφ

dg

dφ
dφ = f∗ dg

dφ

∣∣∣∣
2π

0

− df∗

dφ
g

∣∣∣∣
2π

0

+
∫ 2π

0

d2f∗

dφ2
g dφ.

As in Example 3.1, for periodic functions (Eq. 3.26) the boundary terms vanish, and we conclude that f |Q̂g =
Q̂f |g, so Q̂ is hermitian: yes.

Q̂f = qf ⇒ d2f

dφ2
= qf ⇒ f±(φ) = Ae±

√
qφ.

The periodicity condition (Eq. 3.26) requires that
√

q(2π) = 2nπi, or
√

q = in, so the eigenvalues are

q = −n2, (n = 0, 1, 2, . . . ). The spectrum is doubly degenerate; for a given n there are two eigenfunctions
(the plus sign or the minus sign, in the exponent), except for the special case n = 0, which is not degenerate.

Problem 3.7

(a) Suppose Q̂f = qf and Q̂g = qg. Let h(x) = af(x) + bg(x), for arbitrary constants a and b. Then

Q̂h = Q̂(af + bg) = a(Q̂f) + b(Q̂g) = a(qf) + b(qg) = q(af + bg) = qh. X

(b)
d2f

dx2
=

d2

dx2
(ex) =

d

dx
(ex) = ex = f,

d2g

dx2
=

d2

dx2


e−x


=

d

dx


−e−x


= e−x = g.

So both of them are eigenfunctions, with the same eigenvalue 1. The simplest orthogonal linear combina-
tions are

sinh x =
1
2


ex − e−x


=

1
2
(f − g) and cosh x =

1
2


ex + e−x


=

1
2
(f + g).

(They are clearly orthogonal, since sinh x is odd while cosh x is even.)
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Problem 3.8

(a) The eigenvalues (Eq. 3.29) are 0,±1,±2, . . . , which are obviously real. X For any two eigenfunctions,
f = Aqe

−iqφ and g = Aq′e−iq′φ (Eq. 3.28), we have

f |g = A∗
qAq′

 2π

0

eiqφe−iq′φ dφ = A∗
qAq′

ei(q−q′)φ

i(q − q)

∣∣∣∣∣

2π

0

=
A∗

qAq′

i(q − q)


ei(q−q′)2π − 1


.

But q and q are integers, so ei(q−q′)2π = 1, and hence f |g = 0 (provided q = q, so the denominator is
nonzero). X

(b) In Problem 3.6 the eigenvalues are q = −n2, with n = 0, 1, 2, . . . , which are obviously real. X For any
two eigenfunctions, f = Aqe

±inφ and g = Aq′e±in′φ, we have

f |g = A∗
qAq′

 2π

0

e∓inφe±in′φ dφ = A∗
qAq′

e±i(n′−n)φ

±i(n − n)

∣∣∣∣∣

2π

0

=
A∗

qAq′

±i(n − n)


e±i(n′−n)2π − 1


= 0

(provided n = n). But notice that for each eigenvalue (i.e. each value of n) there are two eigenfunctions
(one with the plus sign and one with the minus sign), and these are not orthogonal to one another.

Problem 3.9

(a) Infinite square well (Eq. 2.19).

(b) Delta-function barrier (Fig. 2.16), or the finite rectangular barrier (Prob. 2.33).

(c) Delta-function well (Eq. 2.114), or the finite square well (Eq. 2.145) or the sech2 potential (Prob. 2.51).

Problem 3.10

From Eq. 2.28, with n = 1:

p̂ ψ1(x) =
ℏ

i

d

dx


2
a

sin
π

a
x


=
ℏ

i


2
a

π

a
cos

π

a
x


=
[
−i

πℏ

a
cot

π

a
x
]

ψ1(x).

Since p̂ ψ1 is not a (constant) multiple of ψ1, ψ1 is not an eigenfunction of p̂: no. It’s true that the magnitude
of the momentum,

√
2mE1 = πℏ/a, is determinate, but the particle is just as likely to be found traveling to the

left (negative momentum) as to the right (positive momentum).

Problem 3.11

Ψ0(x, t) =


mω

πℏ

1/4

e−
mω
2ℏ

x2
e−iωt/2; Φ(p, t) =

1√
2πℏ


mω

πℏ

1/4

e−iω/2

 ∞

−∞
e−ipx/ℏe−

mω
2ℏ

x2
dx.

From Problem 2.22(b):

Φ(p, t) =
1√
2πℏ


mω

πℏ

1/4

e−iωt/2


2πℏ

mω
e−p2/2mωℏ =

1
(πmωℏ)1/4

e−p2/2mωℏe−iωt/2.
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Ĥ = − ℏ2
2m

∂2

∂x2 + V (x), and the stationary-

SP5 (12 pts)

(a)

For a given potential V (x), the Hamiltonian operator is

state wave functions satisfy Ĥψ  = E ψ.
Now, let’s make the change Ṽ (x) = V (x) +C and see if the same ψ are still Eigen-functions of

the new Hamiltonian
ˆ̃
H = Ĥ + c.

ˆ̃
Hψ = (Ĥ + c) ψ = (E + c) ψ

So, the Eigen-functions are still the same but the Eigen-values go to Ẽ = E + c.
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False

do not depend on time.


