
(a) [AB, C] = ABC − CAB = ABC − ACB + ACB − CAB = A[B, C] + [A, C]B. X

(b) Introducing a test function g(x), as in Eq. 2.50:

[xn, p]g = xn ℏ

i

dg

dx
− ℏ

i

d

dx
(xng) = xn ℏ

i

dg

dx
− ℏ

i


nxn−1g + xn dg

dx


= iℏnxn−1g.

So, dropping the test function, [xn, p] = iℏnxn−1. X

(c) [f, p]g = f
ℏ

i

dg

dx
− ℏ

i

d

dx
(fg) = f

ℏ

i

dg

dx
− ℏ

i


df

dx
g + f

dg

dx


= iℏ

df

dx
g ⇒ [f, p] = iℏ

df

dx
. X

−x + x +
i p




Â+ B̂, Ĉ


=


ÂĈ + B̂Ĉ − ĈÂ− ĈB̂


=


(ÂĈ − ĈÂ) + (B̂Ĉ − ĈB̂)


=


Â, Ĉ


+


B̂, Ĉ


(a)

Problem 3.14

Solutions - HW6
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Problem 3.33
(a) ψ1.

(b) b1 (with probability 9/25) or b2 (with probability 16/25).

(c) Right after the measurement of B:

• With probability 9/25 the particle is in state φ1 = (3ψ1 + 4ψ2)/5; in that case the probability of
getting a1 is 9/25.

• With probability 16/25 the particle is in state φ2 = (4ψ1 − 3ψ2)/5; in that case the probability of
getting a1 is 16/25.

So the total probability of getting a1 is
9
25

· 9
25

+
16
25

· 16
25

=
337
625

= 0.5392.

[Note: The measurment of B (even if we don’t know the outcome of that measurement) collapses the wave
function, and thereby alters the probabilities for the second measurment of A. If the graduate student
inadvertantly neglected to measure B, the second measurement of A would be certain to reproduce the
result a1.]

(9pts)

2pts

4pts

3pts
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(b)

x = A2

∫ ∞

−∞

x

(a2 + x2)2
dx = 0.

x2 = 2A2

∫ ∞

0

x2

(a2 + x2)2
dx. [Let y ≡ x2

a2
, x = a

√
y, dx =

a

2
√

y
dy.]

=
2a2

π

∫ ∞

0

y1/2

(1 + y)2
dy =

2a2

π

Γ(3/2)Γ(1/2)
Γ(2)

=
2a2

π

(
√

π/2)(
√

π)
1

= a2.

σx =


x2 − x2 = a.

(c)

Φ(p, 0) =
A√
2πℏ

∫ ∞

−∞
e−ipx/ℏ

1
x2 + a2

dx. [But e−ipx/ℏ = cos
px

ℏ


− i sin

px

ℏ


, and sine is odd.]

=
2A√
2πℏ

∫ ∞

0

cos(px/ℏ)
x2 + a2

dx =
2A√
2πℏ

 π

2a
e−|p|a/ℏ


=

√
a

ℏ
e−|p|a/ℏ.

∫ ∞

−∞
|Φ(p, 0)|2 dp =

a

ℏ

∫ ∞

−∞
e−2|p|a/ℏ dp =

2a

ℏ


e−2pa/ℏ

−2a/ℏ

∣∣∣∣
∞

0

= 1. X

(d)

p =
a

ℏ

∫ ∞

−∞
pe−2|p|a/ℏ dp = 0.

p2 = 2
a

ℏ

∫ ∞

0

p2e−2pa/ℏ dp =
2a

ℏ
2


ℏ

2a

3

=
ℏ

2

2a2
. σp =


p2 − p2 =

ℏ√
2 a

.

(e) σxσp = a
ℏ√
2 a

=
√

2
ℏ

2
>

ℏ

2
. X

Problem 3.31

Equation 3.71 ⇒ d

dt
xp =

i

ℏ
[H, xp]; Eq. 3.64 ⇒ [H, xp] = [H, x]p + x[H, p]; Problem 3.14 ⇒ [H, x] =

− iℏp

m
; Problem 3.17(d) ⇒ [H, p] = iℏ

dV

dx
. So

d

dt
xp =

i

ℏ


− iℏ

m
p2 + iℏxdV

dx



= 2 p2

2m
 − xdV

dx
 = 2T  − xdV

dx
. QED

In a stationary state all expectation values (at least, for operators that do not depend explicitly on t) are
time-independent (see item 1 on p. 26), so dxp/dt = 0, and we are left with Eq. 3.97.

For the harmonic oscillator:

V =
1
2
mω2x2 ⇒ dV

dx
= mω2x ⇒ x

dV

dx
= mω2x2 = 2V ⇒ 2T  = 2V  ⇒ T  = V . QED

In Problem 2.11(c) we found that T  = V  = 1
4ℏω (for n = 0); T  = V  = 3

4ℏω (for n = 1). X
In Problem 2.12 we found that T  = 1

2

(
n+ 1

2

)
ℏω, while x2 = (n+ 1

2 )ℏ/mω, so V  = 1
2mω2x2 = 1

2 (n+ 1
2 )ℏω,

and hence T  = V  for all stationary states. X

c2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the
publisher.
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Solution to SP6 – The Pump Operator

(a) (3 pts) Eigenstates and Eigenvalues of P̂

We seek eigenstates of P̂ of the form

±⟩ = a 1⟩+ b 2⟩ .

Apply P̂ :
P̂ (a 1⟩+ b 2⟩) = a 2⟩+ b 1⟩ .

For an eigenstate with eigenvalue λ:

a 2⟩+ b 1⟩ = λ(a 1⟩+ b 2⟩).

Matching coecients:

b = λa, a = λb.

Substitute b = λa into the second equation:

a = λ2a.

For nontrivial solutions:

λ2 = 1 ⇒ λ = ±1.

For λ = +1:

b = a.

For λ = −1:

b = −a.

1



Normalized eigenstates are therefore:

+⟩ = 1√
2
(1⟩+ 2⟩)

−⟩ = 1√
2
(1⟩ − 2⟩)

with eigenvalues:

λ+ = +1, λ− = −1.

These are not eigenstates of Ĥ since they are superpositions of distinct
energy eigenstates.

(b) (3 pts) Expressing 1⟩ , 2⟩ in the +⟩ , −⟩
basis

Add and subtract:

+⟩+ −⟩ = 1√
2
(1⟩+ 2⟩) + 1√

2
(1⟩ − 2⟩) =

√
2 1⟩ .

Thus,

1⟩ = 1√
2
(+⟩+ −⟩)

Similarly,

+⟩ − −⟩ =
√
2 2⟩ ,

so

2⟩ = 1√
2
(+⟩ − −⟩)

If the system is in 1⟩, then

⟨+1⟩ = 1√
2
.

2



Therefore,

 ⟨+1⟩ 2 = 1

2
.

(c) (2 pts) Time Evolution Starting from +⟩
At t = 0:

ψ(0)⟩ = +⟩ = 1√
2
(1⟩+ 2⟩).

Time evolution of energy eigenstates:

1⟩ → e−iE1t/ℏ 1⟩ , 2⟩ → e−iE2t/ℏ 2⟩ .
Thus,

ψ(t)⟩ = 1√
2


e−iE1t/ℏ 1⟩+ e−iE2t/ℏ 2⟩


.

(d) (3 pts) Probability of Measuring +⟩ at

Time t

Compute:

⟨+ψ(t)⟩ = 1

2


e−iE1t/ℏ + e−iE2t/ℏ


.

Factor:

=
1

2
e−i(E1+E2)t/(2ℏ)


e−i(E1−E2)t/(2ℏ) + ei(E1−E2)t/(2ℏ)


.

Using
eix + e−ix = 2 cos x,

⟨+ψ(t)⟩ = e−i(E1+E2)t/(2ℏ) cos


(E1 − E2)t

2ℏ


.

Taking the modulus squared (global phase cancels):

3



 ⟨+ψ(t)⟩ 2 = cos2

(E1 − E2)t

2ℏ


.

This describes coherent oscillations between the +⟩ and −⟩ states.
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