Solutions - HW7

Problem 4.2 (15pts)

. h? (0% 0% 0% o .
6pts (a) Equation 4.8 = “om (@ + ) + @) = FE% (inside the box). Separable solutions: ¢(z,y,z) =

X(2)Y (y)Z(z). Put this in, and divide by XY Z:

1d*X  1d*X 1d*Z 2m

XdZ "Yap "Zdz T @

The three terms on the left are functions of x, y, and z, respectively, so each must be a constant. Call the

separation constants k2, k2, and k2 (as we’ll soon seen, they must be positive).

X .o d%Y o d2Z ) , 2o, .
Solution:

X(z) = Ay sinkyx + By coskyx;  Y(y) = Aysinkyy + By coskyy; Z(z) = A.sink,z+ B, cosk,z.

But X(0) =0,s0 B, =0; Y(0) =0, so B, =0; Z(0) =0, s0 B, =0. And X(a) = 0 = sin(kya) =0 =
ky =ngm/a (ny =1,2,3,...). [As before (page 31), n, # 0, and negative values are redundant.] Likewise
ky =nym/a and k, = n.w/a. So

- . h2 2
Y(z,y,2) = Ay A A, sin (Mx) sin (My) sin (mz) , E= —ﬂ-—(ni +n2 4+ n?).
a a a 2m a? Y

We might as well normalize X,Y, and Z separately: A, = A, = A, = \/2/a. Conclusion:

3/2 272
2 h
Y(x,y,z) = (5> sin (n%fx) sin (n%lﬂ-y) sin (%z) ;. E= ;TmaZ (ni—i—nz—i—nz); Mgy Ny, = 1,2,3,. ..




6pts

3pts

(b)
ng ny n. (n3+n; +n2)
1 1 1 3
Energy Degeneracy
1 1 2 6
1 1 6 w2h?
2 1 1 6 E1 == 3—2ma2; d = 1
242
1 2 2 9 =l
B> = d=
2 1 2 9 2= 05 3
2 1 9
m2h2
B3 =9—5; d=3
11 3 11 2ma
1 3 1 11 949
h
31 1 1 Ei=112—0; d=3,
2m
2 2 2 12 232
mh
FEs =12 d=1
5 2 a27
1 2 3 14
1 3 2 14 m2h?
9 1 3 14 E6:14—2ma2; d=6.
2 3 1 14
31 2 14
3 2 1 14

(c) The next combinations are: E7(322), Fg(411), E¢(331), F10(421), E11(332), E12(422), F13(431), and
FE14(333 and 511). The degeneracy of Ey4 is Simple combinatorics accounts for degeneracies of 1
(ng =ny =n;), 3 (two the same, one different), or 6 (all three different). But in the case of E14 there is
a numerical “accident”: 3% + 32 + 32 = 27, but 52 + 12 4 12 is also 27, so the degeneracy is greater than
combinatorial reasoning alone would suggest.

Problem 4.4  (6pts)

Eq. 4.32 =YY = Pd(cosh); Eq. 4.27 = PJ(z) = Py(z); Eq. 4.28 = Py(z) =1. |V = —.
0 0 0 0

1
Vamr

1 . d
Yy = 71/i—e’¢P21(cos9); Py(x) = V1 — 22— Py(x);
4m 3-2 dx

% [2(2® — 1)22] = % (2% — 1+ 2(22)] = £ (32> — 1);

ool
DN | =

Pafa) = (%) (2 1) =

2 2

d 1 15 .
Py(z) =1 fx2% PmQ - —] =/1—223x; Py(cosf) =3cosfsind. |Yy = —1/ ge“ﬁsinﬁcosﬁ.




™ 2m
Normalization: // [YY|? sin 6 df dp = L [/ sin9d9} [/ d¢] = i(2)(27T) =1V
47 0 0 47

1 T 2m 1 ™
// [V, |? sin @ df dop = 15 / sin? @ cos® HsinﬂdQ/ do = 15 / cos? 0(1 — cos? 0) sin 6 df
87 0 0 4 0

s

B § _cos39 L cos® 0
B 3 5

« 1 1 s 2m .
Orthogonality: / Yy Yy sinfdfdp = ——— > [/ sin @ cos 6 sin d@} {/ e"bdqﬁ} =0.v
0 0

VA 8

(sin® 0) /3|5 =0 (ei%)/i|27=0



Problem 4.16 (3pts)

1 —r/a 4 —2r/a 4 —ar/a
w:——wa?’e /e, P=W\247Tr2dr:$e 2r/ap2 dgr = p(r) dr, p(r)zETQe r/a

d 4 2
d_l; _ = |:2T627‘/a +T2 <_562r/a>:| _ i_’gef%"/a (1 _ 2) —0=

a3




SP7 (8 pts)

a) The eigenstates are the same as the eigenstates of ﬁ2, which are the spherical
harmonics. The eigenvalues are the eigenvalues of L? divided by 4Ma?, so

RA(1+ 1)
4Ma?
with 1 an integer.
b) The first excited state corresponds to I = 1. Plugging in numbers, we find
RP1(1+1) R
4Ma? 2M a?

=6.7e-22 J = 0.004 eV
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