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dpx
dt

=
i

ℏ
[H, px]; [H, px] =


p2

2m
+ V, px


= [V, px] = iℏ

∂V

∂x
(Eq. 3.65)

=
i

ℏ
(iℏ)

〈
∂V

∂x

〉
=

〈
−∂V

∂x

〉
. Same for y and z, so:

dp
dt

= −∇V .

(c) From Eq. 3.62: σxσpx
≥

∣∣∣∣
1
2i
[x, px]

∣∣∣∣ =
∣∣∣∣
1
2i

iℏ

∣∣∣∣ =
ℏ

2
. Generally, σri

σpj
≥ ℏ

2
δij .

Problem 4.2

(a) Equation 4.8 ⇒ − ℏ
2

2m


∂2ψ

∂x2
+

∂2ψ

∂y2
+

∂2ψ

∂z2


= Eψ (inside the box). Separable solutions: ψ(x, y, z) =

X(x)Y (y)Z(z). Put this in, and divide by XY Z:

1
X

d2X

dx2
+

1
Y

d2X

dy2
+

1
Z

d2Z

dz2
= −2m

ℏ2
E.

The three terms on the left are functions of x, y, and z, respectively, so each must be a constant. Call the
separation constants k2

x, k2
y, and k2

z (as we’ll soon seen, they must be positive).

d2X

dx2
= −k2

xX;
d2Y

dy2
= −k2

yY ;
d2Z

dz2
= −k2

zZ, with E =
ℏ

2

2m
(k2

x + k2
y + k2

z).

Solution:

X(x) = Ax sin kxx + Bx cos kxx; Y (y) = Ay sin kyy + By cos kyy; Z(z) = Az sin kzz + Bz cos kzz.

But X(0) = 0, so Bx = 0; Y (0) = 0, so By = 0; Z(0) = 0, so Bz = 0. And X(a) = 0 ⇒ sin(kxa) = 0 ⇒
kx = nxπ/a (nx = 1, 2, 3, . . . ). [As before (page 31), nx = 0, and negative values are redundant.] Likewise
ky = nyπ/a and kz = nzπ/a. So

ψ(x, y, z) = AxAyAz sin
nxπ

a
x


sin
nyπ

a
y


sin
nzπ

a
z


, E =
ℏ

2

2m

π2

a2
(n2

x + n2
y + n2

z).

We might as well normalize X, Y, and Z separately: Ax = Ay = Az =


2/a. Conclusion:

ψ(x, y, z) =


2
a

3/2

sin
nxπ

a
x


sin
nyπ

a
y


sin
nzπ

a
z


; E =
π2

ℏ
2

2ma2
(n2

x + n2
y + n2

z); nx, ny, nz = 1, 2, 3, . . .
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(b)

nx ny nz (n2
x + n2

y + n2
z)

1 1 1 3

1 1 2 6
1 2 1 6
2 1 1 6

1 2 2 9
2 1 2 9
2 2 1 9

1 1 3 11
1 3 1 11
3 1 1 11

2 2 2 12

1 2 3 14
1 3 2 14
2 1 3 14
2 3 1 14
3 1 2 14
3 2 1 14

Energy Degeneracy

E1 = 3
π2

ℏ
2

2ma2
; d = 1

E2 = 6
π2

ℏ
2

2ma2
; d = 3.

E3 = 9
π2

ℏ
2

2ma2
; d = 3.

E4 = 11
π2

ℏ
2

2ma2
; d = 3.

E5 = 12
π2

ℏ
2

2ma2
; d = 1.

E6 = 14
π2

ℏ
2

2ma2
; d = 6.

(c) The next combinations are: E7(322), E8(411), E9(331), E10(421), E11(332), E12(422), E13(431), and
E14(333 and 511). The degeneracy of E14 is 4. Simple combinatorics accounts for degeneracies of 1
(nx = ny = nz), 3 (two the same, one different), or 6 (all three different). But in the case of E14 there is
a numerical “accident”: 32 + 32 + 32 = 27, but 52 + 12 + 12 is also 27, so the degeneracy is greater than
combinatorial reasoning alone would suggest.

Problem 4.3

Eq. 4.32 ⇒ Y 0
0 =

1√
4π

P 0
0 (cos θ); Eq. 4.27 ⇒ P 0

0 (x) = P0(x); Eq. 4.28 ⇒ P0(x) = 1. Y 0
0 =

1√
4π

.

Y 1
2 = −


5
4π

1
3 · 2 eiφP 1

2 (cos θ); P 1
2 (x) =


1 − x2

d

dx
P2(x);

P2(x) =
1

4 · 2


d

dx

2 
x2 − 1

2
=

1
8

d

dx


2(x2 − 1)2x


=

1
2


x2 − 1 + x(2x)


=

1
2


3x2 − 1


;

P 1
2 (x) =


1 − x2

d

dx

[
3
2
x2 − 1

2

]
=


1 − x2 3x; P 1

2 (cos θ) = 3 cos θ sin θ. Y 1
2 = −


15
8π

eiφ sin θ cos θ.
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Normalization:
∫∫

|Y 0
0 |2 sin θ dθ dφ =

1
4π

∫ π

0

sin θ dθ

 ∫ 2π

0

dφ


=

1
4π

(2)(2π) = 1. 

∫∫
|Y 1

2 |2 sin θ dθ dφ =
15
8π

∫ π

0

sin2 θ cos2 θ sin θ dθ

∫ 2π

0

dφ =
15
4

∫ π

0

cos2 θ(1 − cos2 θ) sin θ dθ

=
15
4


−cos3 θ

3
+

cos5 θ

5

∣∣∣∣
π

0

=
15
4


2
3
− 2

5


=

5
2
− 3

2
= 1 

Orthogonality:
∫∫

Y 0
0
∗
Y 1

2 sin θ dθ dφ = − 1√
4π


15
8π

 ∫ π

0

sin θ cos θ sin θ dθ

  
(sin3 θ)/3|π0 =0

 ∫ 2π

0

eiφdφ

  
(eiφ)/i|2π

0 =0


= 0. 

Problem 4.4

dΘ
dθ

=
A

tan(θ/2)
1
2

sec2(θ/2) =
A

2
1

sin(θ/2) cos(θ/2)
=

A

sin θ
. Therefore

d

dθ


sin θ

dΘ
dθ


=

d

dθ
(A) = 0.

With l = m = 0, Eq. 4.25 reads:
d

dθ


sin θ

dΘ
dθ


= 0. So A ln[tan(θ/2)] does satisfy Eq. 4.25. However,

Θ(0) = A ln(0) = A(−∞); Θ(π) = A ln

tan

π

2


= A ln(∞) = A(∞). Θ blows up at θ = 0 and at θ = π.

Problem 4.5

Y l
l = (−1)l


(2l + 1)

4π

1
(2l)!

eilφP l
l (cos θ). P l

l (x) = (1 − x2)l/2


d

dx

l

Pl(x).

Pl(x) =
1

2ll!


d

dx

l

(x2 − 1)l, so P l
l (x) =

1
2ll!

(1 − x2)l/2


d

dx

2l

(x2 − 1)l.

Now (x2 − 1)l = x2l + · · · , where all the other terms involve powers of x less than 2l, and hence give zero when
differentiated 2l times. So

P l
l (x) =

1
2ll!

(1 − x2)l/2


d

dx

2l

x2l. But


d

dx

n

xn = n!, so P l
l =

(2l)!
2ll!

(1 − x2)l/2.

∴ Y l
l = (−1)l


(2l + 1)
4π(2l)!

eilφ (2l)!
2ll!

(sin θ)l =
1
l!


(2l + 1)!

4π


−1

2
eiφ sin θ

l

.
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Problem 4.14

ψ =
1√
πa3

e−r/a; P = |ψ|24πr2 dr =
4
a3

e−2r/ar2 dr = p(r) dr; p(r) =
4
a3

r2e−2r/a.

dp

dr
=

4
a3


2re−2r/a + r2


−2

a
e−2r/a


=

8r

a3
e−2r/a


1 − r

a


= 0 ⇒ r = a.

Problem 4.15

(a) Ψ(r, t) =
1√
2


ψ2 1 1e

−iE2t/ℏ + ψ2 1−1e
−iE2t/ℏ


=

1√
2

(ψ2 1 1 + ψ2 1−1) e−iE2t/ℏ; E2 =
E1

4
= − ℏ

2

8ma2
.

From Problem 4.11(b):

ψ2 1 1 + ψ2 1−1 = − 1√
πa

1
8a2

re−r/2a sin θ
(
eiφ − e−iφ

)
= − i√

πa 4a2
re−r/2a sin θ sin φ.

Ψ(r, t) = − i√
2πa 4a2

re−r/2a sin θ sin φ e−iE2t/ℏ.

(b)

V  =
∫

|Ψ|2

− e2

4π0

1
r


d3r =

1
(2πa)(16a4)


− e2

4π0

 ∫ 
r2e−r/a sin2 θ sin2 φ

 1
r
r2 sin θ dr dθ dφ

=
1

32πa5


− ℏ

2

ma2

 ∫ ∞

0

r3e−r/a dr

∫ π

0

sin3 θ dθ

∫ 2π

0

sin2 φ dφ = − ℏ
2

32πma6

(
3!a4

) 
4
3


(π)

= − ℏ
2

4ma2
=

1
2
E1 =

1
2
(−13.6eV) = −6.8eV (independent of t).

Problem 4.16

En(Z) = Z2En; E1(Z) = Z2E1; a(Z) = a/Z; R(Z) = Z2R.

Lyman lines range from ni = 2 to ni = ∞ (with nf = 1); the wavelengths range from
1
λ 2

= R


1 − 1

4


=

3
4
R ⇒ λ2 =

4
3R

down to
1
λ 1

= R


1 − 1

∞


= R ⇒ λ1 =

1
R

.

For Z = 2 : λ1 =
1

4R
=

1
4(1.097 × 107)

= 2.28 × 10−8m to λ2 =
1

3R
= 3.04 × 10−8 m, ultraviolet.

For Z = 3 : λ1 =
1

9R
= 1.01 × 10−8 m to λ2 =

4
27R

= 1.35 × 10−8 m, also ultraviolet.

Problem 4.17

(a) V (r) = −G
Mm

r
. So

e2

4π0
→ GMm translates hydrogen results to the gravitational analogs.
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c) If both particles are in the same energy eigenstate, then the original two-particle
wavefunction is symmetric ( (x1, x2) =  (x2, x1)), since exchanging the particles
will not change which energy eigenstate each particle is in. Therefore, the  = 1
eigenstate 1p

2
( (x1, x2) (x2, x1)) = 0. In other words, any particle in the state

1p
2
( (x1, x2)  (x2, x1)) cannot possess the same energy eigenstate as the other

particle. (We call these particles fermions.)

d) Once again, if both particles are in the same energy eigenstate, then the orig-
inal two-particle wavefunction is symmetric ( (x1, x2) =  (x2, x1)). Therefore,
the  = +1 eigenstate 1p

2
( (x1, x2) +  (x2, x1)) becomes  (x1, x2) after normal-

ization. In other words, any particle in the state 1p
2
( (x1, x2) +  (x2, x1)) can

reside in the same energy eigenstate as the other particle. (We call these particles
bosons.)

e) Let us write a general Hamiltonian for two non-interacting identical particles with
position labels x1 and x2, residing in a potential V (xi):

Ĥ = Ĥ1 + Ĥ2 =  ~2

2m

d2

dx21
+ V (x1)

~2

2m

d2

dx22
+ V (x2)

The Hamiltonian remains the same whether or not you swap x1 and x2. Therefore,
the value of Ĥ when it acts upon its eigenstates  (x1, x2) and  (x2, x1) will be
the same. As a result:

ĤX̂12 (x1, x2) = Ĥ (x2, x1) = X̂12Ĥ (x1, x2) (1)

This shows that ĤX̂12 = X̂12Ĥ , which indicates that their commutator is zero.
Since [X̂12, Ĥ ] = 0, Ĥ and X̂12 share the same eigenstates, and eigenstates of X̂12

can indeed form a complete set of stationary states.

4. a) i. The eigenstates are the same as the eigenstates of L̂2, which are the spherical
harmonics. The eigenvalues are the eigenvalues of L̂2 divided by 4Ma2, so

~2l(l + 1)

4Ma2

with l an integer.

ii. The first excited state corresponds to l = 1. Plugging in numbers, we find

~21(1 + 1)

4Ma2
=

~2

2Ma2
= 1.4 ⇤ 1021J = .008eV

b) i.

R̂()Y 1
1 (✓,) = eiL̂z/~Y 1

1 (✓,)

= ei~/~Y 1
1 (✓,)

= eiY 1
1 (✓,)

= ei

r
3

8⇡
sin ✓ei

=

r
3

8⇡
sin ✓ei(+)

= Y 1
1 (✓,+)

Where we used the fact that Y 1
1 is an eigenfunction of L̂z with eigenvalue ~
3

SP6 (8 pts)

SP7 (8 pts)

a)

b)

= 6.7e-22 J = 0.004 eV
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